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Direct Reading of the Nonlinear Optical Response via Spatial Mapping
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We propose and demonstrate a scheme for spatial mapping and direct reading of the nonlinear response
of optical materials from the propagation of self-accelerating beam profiles. Through a single evolution
measurement, a two-dimensional compact Airy beam is able to directly map the nonlinear response of
a medium into spatial profiles. The most efficient mapping takes place along some particular transverse
directions rather than the direction of the beam acceleration, depending on both the Airy intensity pattern
and the type of nonlinearity. Our work may herald a simple yet effective way for measuring the nonlinear
optical response, in contrast to the conventional Z-scan technique.
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I. INTRODUCTION

Measuring the nonlinear optical response of a medium
is relevant in both fundamental studies and various tech-
nological applications. Knowing the response function not
only offers crucial information for analyzing or design-
ing the properties of nonlinear media but would also
allow mathematical models to be built to uncover com-
plex nonlinear behaviors and guide relevant experimental
studies. In general, to estimate the nonlinear response as a
function of the light intensity, the study of multiple non-
linear evolutions is typically required, as routinely done
in the well-known Z-scan method [1,2]. Consequently, the
resulting data collection and subsequent analysis are time
consuming, and in some cases, multiple measurements can
lead to an increased complexity of the experimental setup
[3].

Recently, it was found that a nonlinear-response func-
tion can be spatially mapped directly onto a nonlinearity-
shaped beam profile [4]. The mapping was realized by
propagating a structured optical field, namely an Airy
beam [5], in the presence of nonlinearity. The main mecha-
nism affecting the beam-profile evolution is the gravitylike
potential brought by the self-acceleration inherent to Airy-
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like waves [6]. This simple process offers possibilities to
reduce the complexity typically involved in conventional
nonlinear-response measurements. Although very promis-
ing, spatial mapping has only been demonstrated in a
one-dimensional (1D) configuration, thus limiting poten-
tial applications. Indeed, a 1D Airy beam occupies a large
amount of space as it greatly extends along one trans-
verse direction, thus leading to difficulties if the nonlinear
medium under test has a small size. Besides, the limited
light confinement results in a large energy spreading that
hampers the ability to reach high intensities. Consequently,
more power has to be consumed to induce the strong non-
linearity necessary for high-fidelity mapping. To overcome
these disadvantages, new approaches exploiting more con-
fined probe beams should be developed and explored to
make this technique more practical and appealing.

In this work, we propose and demonstrate a scheme to
employ compact self-accelerating optical beams to probe
nonlinear media. Relying on the accelerating property of a
two-dimensional (2D) Airy beam, the nonlinear response
of a medium can be spatially mapped in various trans-
verse directions. It is found that the high fidelity of the
mapping (i.e., the ability to properly reproduce the non-
linear response) occurs along the directions defined by the
peak intensity and skewed with respect to the overall beam
acceleration. The orientations that lead to the optimal map-
ping are influenced by both the Airy-beam pattern and the
nonlinear-response function. Our method may lead to an
efficient way of examining the nonlinear medium response.
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II. THEORETICAL AND NUMERICAL ANALYSIS

In the nonlinear regime, the dynamics of a laser beam
is generally governed by a paraxial wave equation, namely
the generalized nonlinear Schrödinger equation, given as
[7]
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where ψ(x,y,z) represents the electric field amplitude of
the optical beam, x and y are the transverse coordinates,
z is the propagation distance, k is the wave number, f (I ) is
a real-valued algebraic function that accounts for a non-
linear response, and I = |ψ |2 denotes the light intensity.
Here, only self-defocusing nonlinearities are considered,
since equivalent dynamics with self-focusing nonlinearity
can be studied, e.g., by employing diffraction manage-
ment brought by periodic structures [8]. In a moving ref-
erence frame [9–11] defined by sx = (x − y)/

√
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and sy = (x + y)/
√

2 − g(z) [where g(z) represents the
moving path], Eq. (1) can be reformulated as
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In the specific frame, i.e., where g(z) = hz2/2 (h is
a constant), the dynamics governed by the above
equation becomes stationary by letting ψ(x, y, z) =
u(sx, sy)exp[i

√
2hxz + ih2z3/(3k)]:
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Assuming that the propagation environment is a strong
self-defocusing regime, the beam tends to have a broad
size. As such, the diffraction term in Eq. (3) can be
neglected under the Thomas-Fermi approximation [12].
Consequently, the nonlinear response can be directly
mapped onto the abscissa through

x = −f (I)/(
√

2h). (4)

In other words, it is possible to read out the nonlinear-
response function directly in the intensity profile of a
nonlinearly-shaped light. For this mapping, the linear grav-
itylike potential expressed as

√
2hx in Eq. (3) plays a

crucial role. It is worth noting that such a potential is not
applied externally, but it is associated with the diffraction
in the chosen accelerating frame. In order to verify the
analysis, numerical simulations are performed for the spe-
cific case of a Kerr nonlinearity [i.e., f (I ) = n2I ]. Without
loss of generality, we assume that the nonlinear coefficient

n2 takes a value of −1.6 × 10−5 cm2/W [13]. The grav-
itylike effect is introduced through the self-acceleration
of a 2D Airy beam, a solution to Eq. (3) in the absence
of the nonlinear term. Before performing the nonlinear
test, the peak intensity of the Airy beam is intentionally
delivered to the output in a linear propagation regime [4].
Under this condition, the light intensity in the early stage
is kept at a quite low level during the nonlinear evolu-
tion, allowing a well-maintained beam acceleration as if
there is a gravitylike potential. For this purpose, a quadratic
phase expressed as exp[ib(kx

2 + ky
2)] is imparted to the

Airy beam in the momentum space (defined by kx and
ky). The parameter b is used to alter the longitudinal loca-
tion of the peak intensity. Figures 1(a1)–1(a3) illustrate
the nonlinear evolution of a 2D Airy beam in a 10-mm-
long Kerr medium. As expected, the intrinsic acceleration
(predesigned along the x direction) is well sustained [Fig.
1(a1)]. At the output, the beam exhibits significant broad-
ening when compared to the linear case, particularly for the
main lobe that experiences the strongest nonlinearity [Figs.
1(a2) and 1(a3)]. To corroborate the theory above, the light
profile extracted from the nonlinear output pattern along
the x axis is examined. Obviously, the right side of the pro-
file is nonlinearly shaped into a tilted straight line [Fig.
1(a3)], in qualitative accordance with the spatial mapping
(i.e., I ∝ x) built using Eq. (4) for a third-order nonlinear
optical Kerr response.

In the following, we show the need of beam acceleration
for this mapping. In the Cartesian coordinates rather than
in the accelerating frame, Eq. (1) becomes stationary by
using the substitution ψ(x,y,z) =ϕ(x,y)exp(iδz) [14,15]:

1
2k

(
∂2ϕ

∂x2 + ∂2ϕ

∂y2

)
− δϕ − f (I)ϕ = 0, (5)

where δ is a propagation constant. Neglecting the diffrac-
tion term as done in the accelerating case, the above
formula reduces to f (I ) = −δ, indicating a possible flat
intensity distribution in an optical wave experiencing a
self-defocusing nonlinearity. This intensity feature is inde-
pendent of the nonlinear form, and in turn, it cannot display
a nonlinear response. As an illustrative example, the same
Kerr nonlinearity is probed numerically by a nonacceler-
ating beam (here we assume a common Gaussian beam)
[Figs. 1(b1)–1(b3)]. Similar to the Airy case, the Gaussian
waist is set to appear at the output in the linear prop-
agation. Under the action of the nonlinearity, the beam
further expands uniformly towards all radial directions and
forms a flat-top feature at the output [16–18]. By further
examining the edges of the intensity profile [Fig. 1(b3)],
there is no evident straight-line distribution characteriz-
ing the spatial mapping of the Kerr nonlinear response.
In particular, the beam edges tend to undergo a progres-
sive steepening under a strong defocusing nonlinearity
and, eventually, they develop into a gradient catastrophe
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(a1) (b1)

(a2) (b2)

(a3) (b3)

FIG. 1. Numerical evolutions of a 2D Airy beam (left column) and a Gaussian beam (right column) in a Kerr medium. Upper panels
illustrate the normalized longitudinal intensity distributions. Middle panels correspond to the transverse beam patterns at the output.
Bottom panels compare the normalized linear and nonlinear output intensity profiles along the x axis. Arrows in (a1) and (a2) point to
the acceleration direction of the Airy beam.

(or shock-wave formation) [19]. The resulting dispersive
shock wave mixes nonlinear and diffractive effects, thus
preventing the spatial mapping [19–21]. Therefore, the
beam acceleration, as illustrated here by the specific Airy
field, is necessary to spatially map the nonlinear response.

Considering that the acceleration in a 2D configura-
tion has a vectorial nature, the spatial mapping may exist
even along other directions, rather than only along the

x axis. This is also supported by the fact that the linear
potential required for the mapping is indeed present in any
direction as inferred from Eq. (3). In particular, along an
arbitrary line given by y = tg(θ )x + c [where c is a con-
stant, and θ is the angle defined in Fig. 1(a2), i.e., the
direction is given with respect to the beam-acceleration
direction], the linear potential goes as

√
2hx cosθ . To exam-

ine the possibility of multidirectional mapping, the beam

064001-3



PENGBO JIA et al. PHYS. REV. APPLIED 14, 064001 (2020)

(a) (b)

FIG. 2. Multidirectional spatial mapping of the Kerr nonlinear response via the nonlinear evolution of a 2D Airy beam. Calculated
fitting coefficient Q along horizontal (a) and radial (b) directions in the output Airy patterns, parameterized with different input powers.

profiles in the Airy output patterns are extracted along
different orientations. In order to characterize the mapping

quality, we define Q = 1 −
√∑

(D − I)2/
∑

D2, where D
includes the fitting data generated via Eq. (4). Q ranges
from 0 to 1, with a larger value corresponding to a stronger
similarity (i.e., a higher mapping fidelity) between a tar-
get light profile and the nonlinear response. Specifically,
to fit the target curves, we employ four fitting param-
eters d1, d2, d3, and d4 to linearly reshape Eq. (4) as
(x−d1)/d2= f [(I−d3)/d4]. The optimal values of these fit-
ting parameters are obtained by means of the MATLAB
tool “nlinfit.” Then the fitting curve D can be calculated
through D = f −1[(x−d1)/d2] × d4+ d3, where f −1 is the
inverse function of the nonlinear-response function. First,
we consider directions parallel to the x axis (i.e., θ = 0).
The linear trend associated with the Kerr response is still
observed in the right sides of the y-cut profiles. The cal-
culated value of Q shows a deterioration of the mapping
quality as the y-cut profile moves away from y = 0 [Fig.
2(a)]. Along these directions parallel to the x axis, since
the associated linear potentials are identical (i.e.,

√
2hx), a

better mapping is expected in a stronger nonlinear regime
(corresponding to a higher peak intensity), beneficial to
neglect diffraction more safely. In particular, different Q
values associated with disparate y-cut profiles show only a
small divergence for large input powers, as they tend to
approach the upper limit. Second, the beam profiles are
extracted along radial directions (i.e., θ �= 0) fixed to the
peak intensity for pursuing the strongest nonlinear regime
in each direction. Considering the symmetry of the 2D Airy
beam with respect to the x axis, only the cases of positive
angles are discussed, as shown in Fig. 2(b). As θ increases,
the mapping initially experiences a nearly invariant change
and subsequently improves until reaching the best condi-
tion at around θ = 30°, after which a fast drop of the fidelity
occurs. Apparently, the mapping is optimal in a direction
significantly skewed with respect to the x axis which is
defined as the overall acceleration direction of the 2D Airy
beam. This outcome is reasonable by reconsidering the

role played by the linear potential. A smaller steepness
of the potential corresponds to a larger beam expansion
and accordingly, a decrease in the diffraction impact. Thus
the value of Q is expected to increase as θ becomes large.
However, this rule fails to apply for quite large angles, as
the sublobes of the Airy beam alter the linear shape of the
potential. Consequently, the optimal angle is determined
by both the acceleration direction and the structure of the
2D Airy beam. Even when more power is injected, the
optimal angle only exhibits a slight increase, indicating the
stability of the beam structure under a strong nonlinearity.

III. EXPERIMENTAL METHODS AND RESULTS

In our experiment, we demonstrate the above ana-
lyzed spatial mapping in a 10-mm-long strontium-barium
niobate photorefractive (PR) crystal. A self-defocusing
nonlinearity is readily activated by externally apply-
ing a bias field parallel to the crystalline axis [22].
The associated nonlinear response is formulated as
f (I ) = −0.5n0

3γ 33Ee/(1 + I ), where n0= 2.3 is the refrac-
tive index of the crystal, γ 33= 280 pm/V is the electro-
optic coefficient for extraordinarily polarized light, and Ee
is the bias field. Figure 3(a) illustrates a schematic setup. A
standard technique [5] is used to produce 2D Airy beams,
based on Fourier transforming an expanded laser beam
(from a cw laser operating at λ= 532 nm) featuring a
Gaussian-like profile (the waist being w0= 2 mm) together
with proper phase modulations applied by a phase-only
spatial light modulator (SLM). In order to position the
peak intensity of the Airy beams at the output, the exiting
facet of the PR crystal is overlapped with the focal plane
of the lens performing the Fourier transform. The probe
beam power is intentionally fixed at 19.5 µW, a value far
below the saturation level of the PR nonlinearity, while the
nonlinear strength is tuned by adjusting the bias field. The
intensity patterns at the output are recorded by an imaging
system consisting of a spherical lens and a CCD camera.
Experimental results obtained under different bias fields
are presented in Figs. 3(b1)–3(b3). The main lobe of the
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(a)

(b1) (c1)

(b2) (c2)

(b3) (c3)

f = 100 mm

f = 100 mm
f = 100 mm

f = 150 mm f = 75 mm

f = 200 mm

50 µm

FIG. 3. (a) Schematic setup. (b1)–(b3), (c1)–(c3) Experimentally observed nonlinear output patterns (insets) for a 2D Airy beam
(b1)–(b3) and a Gaussian-like beam (c1)–(c3) propagating in the PR crystal with different bias fields (from the first to the third
rows: Ee = −110, −150, and −170 kV/m). Blue and black solid curves are intensity profiles extracted from linear and corresponding
nonlinear outputs along the x axis (white dashed line), respectively. The red dashed curves, calculated from Eq. (4), are used for fitting
the right edge of each profile.

Airy beam clearly expands as the nonlinearity is strength-
ened, allowing for the possibility to isolate the nonlinear
effect from normal diffraction. To examine the output in
more detail, the beam profile along the x axis (coinciding
with the overall beam acceleration) is selected. In con-
trast to the overall expansion for the Kerr case, the beam
broadening mainly occurs at the lower intensity part of the
right edge. Indeed, as a result of the acceleration, this right

side tends to be reshaped into a profile described by the
inverse linear response function typical of a PR nonlinear-
ity. It can be properly fitted by using Eq. (4), especially for
strong nonlinearities, thus evidencing the spatial mapping
of the PR nonlinear response. For a direct comparison, a
Gaussian-like beam is also used for probing the nonlinear
crystal. To this end, the imposed phase pattern for gener-
ating the Airy beam is switched off on the SLM. In this
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(a) (b)

(c)

FIG. 4. Multidirectional spatial
mapping of the PR nonlinear
response at the output of nonlin-
ear evolutions associated to a 2D
Airy beam. (a) Calculated fitting
coefficient Q versus the bias field
for different input conditions. (b),
(c) Q values along horizontal (b)
and radial (c) directions of the
nonlinear output pattern shown in
the inset of (b).

way, the associated beam waist appears at the exiting facet
of the crystal after linear propagation. Under the action of
the nonlinearity, the output experiences a radial expansion.
The beam profiles along the x axis are further extracted for
clarity. Unlike the obvious asymmetric broadening for the
Airy case, the Gaussian-like beam undergoes an expansion
occurring in both sides [Figs. 3(c1)–3(c3)]. As the nonlin-
earity increases, more power flows outside. The resulting
less-dominated intensity near the center is consistent with
the theoretical prediction of an intensity plateau. The ideal
flat-top feature is not observed in our measurements due
to an imperfect quality of the laser mode. For a low bias
field (i.e., Ee = −110 kV/m), the right side of the extracted
profile fits the PR response function. Nevertheless, it is
observed that the fitting gets worse as the nonlinearity
is turned up, since a shock-wave formation takes place,
thus preventing the isolation of the nonlinear effect from
diffraction. In this sense, the spatial mapping of the non-
linear response cannot work for a Gaussian-like beam. To
characterize the mapping quality, we further calculate the
Q coefficients. Blue and purple squares correspond to the
Airy and Gaussian cases in Fig. 4, respectively. Clearly,
Q becomes larger as the nonlinearity is strengthened for
the Airy case. In contrast, it cannot reach a high value
for the Gaussian case, but it rather shows a decay for
stronger nonlinearities. Furthermore, the effect of shorten-
ing the Airy sublobes (necessary for beam acceleration)
is discussed. The associated apodization is readily real-
ized by reducing the waist of the beam illuminating the
SLM via an iris [5]. As long as a sufficient number of
sublobes are kept to induce the acceleration, the spatial
mapping can still be realized. For instance, when w0 is
reduced to 1.54 mm, Q increases with the bias field. The

growth rate becomes slow upon the use of an apodization,
as the resulting power loss exerts a negative impact on
the nonlinear strength. A relatively larger apodization (say
w0 = 1.1 mm) leads to an increase of Q only with a mild
bias field. In these nonlinear conditions, one can infer that
the beam acceleration persists. However, we note that for
stronger nonlinearities, the acceleration tends to disappear,
since Airy beams with a small number of sublobes can-
not persist when propagating in a highly nonlinear regime.
Consequently, for |Ee|> 110 kV/m, the value of Q expe-
riences a drop, showing once again the relevance of using
acceleration for realizing the spatial mapping.

Finally, we turn our attention to examine the Q coeffi-
cient along other transverse directions. In order to guar-
antee a vertically symmetric beam profile under a strong
nonlinearity, the measurement is performed by involving
more sublobes in the Airy beam, which can be easily
achieved through slightly shifting the PR crystal backward
relative to the beam propagation direction. The other con-
ditions are kept the same as those in Fig. 3(b3). Clearly,
the nonlinear output pattern [see the inset in Fig. 4(b)]
has an improved symmetry as compared to that in the
inset of Fig. 3(b3). By setting the origin point at the loca-
tion of the peak intensity, the beam profiles along different
directions are then extracted. As shown in Figs. 4(b) and
4(c), the mapping features are similar to those for the Kerr
case: for horizontal directions, the value of Q experiences
a continuous decrease as the beam profile is extracted
away from y = 0; while for skewed directions, the max-
imum value of Q appears at a certain angle. For the PR
case, the optimal angle exhibits a much larger value than
the Kerr case, as also confirmed by our numerical sim-
ulations. By comparing the main lobes in the two cases,
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we notice significantly different shapes. Under a PR non-
linearity, the beam expansion appears at wider angles,
leading to a larger optimal skewing because of a more
extended range where beam sublobes have no influence.
In this regard, the ideal angle is determined not only by
the acceleration and structure of the Airy beam, but it
also depends on the type of the nonlinear response under
test.

IV. CONCLUSION

In conclusion, we demonstrate a scheme for multidirec-
tional spatial mapping of the material’s nonlinear optical
response by using a 2D Airy beam. We test both Kerr and
PR nonlinearities and find that the optimal mapping for
efficient reading of the nonlinear response appears along a
particular radial direction, forming an angle with respect to
the beam acceleration direction. Such a direction is influ-
enced by the Airy-beam structure as well as the type of
nonlinear response. Our results may lead to a direct visu-
alization of the nonlinear response in a more accessible
way.
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